We present a simple numerical procedure for calculating the irrotational hydrodynamic flow around a spherical solute in superfluid helium. The results for alkali cations are compared to recent many-body variational Monte Carlo (VMC) calculations. The helium contribution to the effective masses calculated by the VMC and hydrodynamic methods are 12.9(4.6) versus 9.4 u for Li 1 , 48.2(5.6) versus 52.1 u for Na 1 , 69.6(4.8) versus 70.1 u for K 1 , and 6.4(8.8) versus 6.8 for Cs 1 . In all cases, the agreement of the two results are in within the error estimate of the VMC calculation, demonstrating the accuracy of hydrodynamic treatment of helium motion even on the atomic length scale. DOI: 10.1103/PhysRevLett.88.145301 PACS numbers: 67.40.Yv, 67.40.Hf The study of atomic ions as microscopic probes of superfluidity in 4 He has a rich history [1] . Recent progress on both the injection of neutral metal atoms into bulk liquid helium [2, 3] and the study of doped helium nanodroplets [4] has caused a renewed interest in the dynamical behavior of solutes in this unique quantum liquid. In particular, concerning the rotational degrees of freedom, there have recently been several papers that try to provide a microscopic explanation for the observed sizable fractional increase in the rotational moments of inertia of all but the fastest rotors when dissolved in superfluid helium [5] [6] [7] [8] [9] [10] . In all of the proposed models, the extra moment of inertia arises from helium kinetic energy induced by rotation of the molecule, but there is disagreement about the way this should be calculated, and about the physical description of the helium motion [11] .
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A closely related problem is that of the change in the effective translational mass of a solute in superfluid helium, which also arises from helium kinetic energy induced by the requirement that the helium solvation structure must "follow" a moving impurity. The effective mass of ionic solutes can be deduced from measurement of the plasma resonance frequency of ions trapped below the free surface of liquid helium [12] . In the quantum hydrodynamic model [8, 13] , one calculates the classical velocity potential that describes the irrotational flow which maintains a constant helium solvation structure in the frame of a moving impurity. By a theorem of Lord Kelvin [8, 14] , this irrotational flow will provide the minimum kinetic energy flow that satisfies the equation of continuity. A simple example is the case of a moving spherical "hole" in the liquid, for which the hydrodynamic flow is a dipole field that carries a kinetic energy equal to one-half of that of the liquid mass displaced by the sphere moving at the velocity of the hole [14] . For the general case of a spherical inhomogeneous density, Barrera and Baym [15] have presented a solution to the equation of continuity, based upon a transformation of dipole solution. However, this transformed solution is not irrotational, and in fact has a continuously varying vorticity, and thus is not appropriate for flow in a superfluid, where vorticity must be quantized [16] .
This paper presents a general numerical scheme for finding the irrotational solution of the equation of continuity given a solvation density around a moving spherical solute. The hydrodynamic equation can be solved by separation of variables, and reduces to one dimensional quadrature of the radial homogeneous and inhomogeneous equations, allowing the mixed boundary conditions to be satisfied without need for iteration. In the limit of infinitesimal solute velocity, the given solution can be shown [13] to provide a variationally optimized helium ground state wave function, assuming a one-body phase function. As such, it should provide a rigorous lower bound on the T 0 K increase in effective mass. Models to address the observed temperature dependence of the effective mass have been presented [17, 18] , but this correction is not addressed in the present work.
Kwon et al. have recently criticized the use of a hydrodynamic model on length scales comparable or less than the helium heeling length [7, 9] . In order to test the quantitative accuracy of the hydrodynamic approximation on these length scales, we have compared the calculated mass increase for Li 1 , Na 1 , K 1 , and Cs 1 with those calculated by Buzzacchi, Galli, and Reatto [19] using a variational Monte Carlo (VMC) treatment of the explicit many-body problem [20, 21] . The input to the hydrodynamic calculations were the helium radial densities calculated by these same authors using the same method, thus the comparison provides a direct test of the accuracy of the hydrodynamic treatment on atomic length scales.
Calculation method.-Consider an atomic solute in superfluid He that has a solvation structure with radial number density r͑r͒. We assume that the solute is moving with velocity V (in a direction we take as the z axis), and that the solvation structure adiabatically moves with the atom. This generates an irrotational flow in the helium of velocity v 2=f, where f is the velocity potential, which must satisfy the equation of continuity
If we write f f͑r͒V cos͑u͒, where r is the distance from the impurity atom and u is the angle with the z axis, we find that the hydrodynamic equation of continuity is solved iff satisfies the following radial equation:
At long range from the atom, the density must approach the bulk value, r e , andf ! A͞r 2 . On the inner wall of the solvation structure, r i (where the helium density vanishes rapidly), df dr ! 21. The general solution to the inhomogeneous Eq. (2) can be written as a sum of any inhomogeneous solution plus any linear combination of the homogeneous solutions. The homogeneous equation is found by setting the right-hand side of Eq. (2) equal to zero. The inhomogeneous solution that satisfies the boundary conditions was found as follows. At large r o , inhomogeneous and homogeneous solutions were started assuming the asymptotic form. The value of A r 3 i ͞2, which is the correct value for the uniform density case, was used to start the solutions. The two solutions are numerically integrated until r r i , at which point the derivatives of the homogeneous solution,f h and the inhomogeneous solution,f inh are used to determine the constant B, equal to
The inhomogeneous solution satisfying the boundary conditions isf
The hydrodynamic kinetic energy is found by integrating the helium kinetic energy, which is proportional to V 2 . This allows us to define a hydrodynamic mass, M h , by
This integral is evaluated from the numerical solution over the domain r i # r # r o . If we assume that the solution for r . r o is given by the asymptotic form, then this gives an additional contribution of ͑8p͞3͒M He r ef ͑r o ͒ 2 r o to the integral defining M h . It has been checked that this definition of M h gives the correct value of one-half the displaced helium mass for the case of a hole in helium of uniform density.
It is also possible to use the hydrodynamic equation to transform the integral for the effective mass to give
There is no contribution to the volume integral in the region r . r o because by assumption, ͑ dr dr ͒ 0 in this region. The two estimates for M He need agree only iff is a solution of the continuum hydrodynamic equation, and thus a comparison between them provides a test of the convergence of the numerical solution and the size of spacing used for integration.
Quantum derivation.-The above treatment of the hydrodynamic motion is purely classical, and thus could be expected to not be applicable on a length scale comparable to the interatomic spacing, where the continuum fluid approximation could fail. In this section, we will present a brief description of how this same model arises from a fully quantum treatment of the helium; a more detailed derivation will be presented in a later publication [13] .
Consider a moving classical solute in the helium. This generates a time dependent external potential for the helium. The ground quasienergy state of the system will be the ground state of the effective Hamiltonian in the frame moving with the solute, which is given by H V H 0 2 P ? V, where H 0 is the Hamiltonian for the helium around a solute at rest, P is the total momentum operator for the helium, and V is the velocity of the solute. The helium contribution to the effective mass of the solute is given by the second derivative of the energy with respect to V . To calculate the second order correction of the energy, we need only the first order correction to the wave function. The helium many-body density in the moving frame must be invariant to a change in sign of V , so the amplitude of the wave function is also invariant. We therefore choose as an ansatz a wave function of the Feynman type [16] :
where u͑r͒ is the ground-state helium many-body wave function around a static solute; the approximation consists in the use of a sum of one-body terms for the phase function, which in general could have many-body contributions. Variational optimization of the expectation value of H V with respect to f gives exactly Eq. (1), the classical hydrodynamic equation for the velocity potential. The quantum flux operator is equal to r͑2=f͒, thus confirming the physical correspondence of f as the velocity potential in the two approaches. Calculating the expectation value of the H 0 with this wave function ansatz, and setting the second derivative equal to M h gives precisely Eq. (5), i.e., the same mass prediction as the hydrodynamic model. Likewise, the expectation value of the helium momentum operator is equal to M h V, just as in the classical treatment. The accuracy of the hydrodynamic treatment for the effective mass, therefore, is related to the importance of the many-body contributions to the phase of the ground quasienergy state. The wave function can be improved by the introduction of a two-body phase backflow correction of the Feynman-Cohen type [22] . Ortiz and Ceperley have introduced such flexibility into the description of the core of a vortex line, and concluded that it made only a small correction [23] . This result encourages us to believe that the hydrodynamic approach will be an excellent approximation even on length scales below that of the typical solvation structure.
Application to alkali cations.-The helium solvation densities around Li 1 , Na 1 , K 1 , and Cs 1 , as calculated by VMC using a trial function of the "shadow function" form [19] , are reproduced in Fig. 1 . The shadow function technique treats solids, liquids, and solid-liquid mixtures with a single functional form [20, 21] . The solvation density goes almost to zero (ഠ10% of the bulk value) between the first and second solvent layers for K 1 , and is highly structured in the case of Na 1 . The VMC calculations find that the first solvation layer has a highly solidlike order for the Na 1 and K 1 cases with little to no exchange of these atoms between solvent layers [19, 21] . This suggests that the first solvation layer not be treated as part of the fluid but as a fixed mass that moves rigidly with the cation, as in the snowball model of Atkins [24] . In contrast, the VMC find substantial mobility between solvation layers for Li 1 and Cs 1 , suggesting that in these cases even the highly compacted first solvation layer should be treated as part of the superfluid, and thus be treated as part of the hydrodynamic flow. The density displays only a very weak minimium between the first and second solvation layers for Li 1 and only a monotonic decrease in density from the peak of the first solvation shell in the case of Cs 1 . Table I contains comparisons of the effective mass for each cation calculated using a hydrodynamic treatment and estimated from the VMC calculations. It is seen that in all four cases the agreement of the two estimates is excellent, being within the VMC statistical error estimate. For the cases of Na 1 and K 1 , the first solvation shell, with 10 and 12 helium atoms, respectively, was treated as a rigid solid and the hydrodynamic calculations were begun at the minimum density point between the first and second solvent shells. In both these cases, treating the entire density with the hydrodynamic approach yielded a substantial underestimate for the translational mass: 21.7 u for Na 1 and 36.0 u for K 1 . The hydrodynamic calculations are vastly less computationally expensive than the many-body treatment [25] .
It is useful to compare our present results with those of the widely used model of the cation "snowball" due to Atkins [24] . In this electrostrictive model, helium is treated as a continuum dielectric material, whose density is increased near the cation due to the ion-induced dipole interaction. For a radius less than b, on the order of 5-6 Å (whose value depends upon the helium liquid-solid surface tension assumed but is independent of the specific singly charged cation [1] ), the helium is predicted to form a solid "snowball" that moves rigidly with the ion. This snowball contributes a mass of ഠ150 u to the ion effective mass [1] . In addition, there is a hydrodynamic contribution to the mass, expected to be on the order of the hard sphere value m HS 2p 3 b 3 r e m He ഠ 40 u. Taking into account the increased helium density for r slightly larger than b, using the model used by Barrera and Baym [15] [r 2 r e r e l͑b͞r͒ 4 with l 0.186], the above hydrodynamic treatment predicts the hydrodynamic contribution to the mass to be 0.932m HS , which can be compared to the value 0.97m HS reported by Barrera and Baym [15] for their proposed velocity solution which is not irrotational. In agreement with the kelvin minimum energy principle [14] , their solution is higher in kinetic energy and thus predicts a higher mass. Comparison with both the VMC and hydrodynamic results shows that the effective masses for the alkali cations, even for the cases of a rigid first solvation shell, are considerably less than those predicted by the snowball model of Atkins.
Conclusions.-The present work demonstrates that the hydrodynamic treatment of the linear motion of a solute through superfluid helium predicts the solvent contributions to the effective mass of the impurity in quantitative agreement with more exact many-body approaches, yet requires only a trivial additional computational cost once the solvent density has been calculated. This applies to helium density well inside the predicted 5-6 Å radius of the liquid-solid surface in the "snowball" model of Atkins [24] . However, the highly ordered first solvent layer around some ions must be treated as a solid that rigidly moves with the ion. The present results compliment our recent hydrodynamic calculations of solvent contributions to the moments of inertia of molecules solvated in helium, which were found to be in good agreement with experiment [8] .
In making such comparisons with experimental data, however, one has to consider both the question of the accuracy of the theoretical treatment used and the effects of possible inaccuracy in the solute-helium potential used, which are often considerable. The present results have been directly compared to higher levels of theory and thus provide a more critical test of the hydrodynamic model. The present results demonstrate that the hydrodynamic treatment of superfluid helium motion can be accurate on the atomic scale.
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